Quantum confinement in a thin-film geometry offers viable routes for tuning the critical properties of superconductors through modification of both density of states and pairing interaction. Low-density systems like doped strontium titanate are especially susceptible to these confinement-induced effects. In this paper, we show that the superconducting critical temperature T c is enhanced through quantum confinement in SrTiO 3 /SrTi 1−x Nb x O 3 /SrTiO 3 heterostructures at x = 1% concentration, by measuring resistivity transitions and the Hall carrier density for different thicknesses of the doped layer. We observe a nonmonotonic raise of T c with decreasing layer thickness at constant carrier density as estimated from the Hall effect. We analyze the results by solving a two-band model with a pairing interaction reproducing the density-dependent T c of doped SrTiO 3 in the bulk, that we confine to a potential well established self-consistently by the charged Nb dopants. The evolution of the theoretical T c with thickness agrees well with experiments. We point out the possible role of density inhomogeneities and suggest novel methods for engineering superconductivity in epitaxial thin films.
INTRODUCTION
Quantum confinement has emerged as an effective tool to tune the critical properties of superconductors by reducing the system size along any spatial coordinate down to nanometric scale, thereby tailoring the electronic structure through quantization. Specifically, confining a three-dimensional bulk along one coordinate generates a quasi-two dimensional (2D) band structure composed of a series of 2D subbands. This alters the critical temperature T c through the modification of both the density of states (DOS) and the pairing interaction, which can lead to substantial T c enhancements with respect to the bulk. Motivated by this prospect and supported by refinements in the thin-film growth techniques, several groups have recently obtained high-quality experimental data on epitaxial superconducting thin films, which shed new light on confinement-induced T c modifications: Nb films grown on SiO 2 and Al 2 O 3 substrates showed a decrease of T c in the thin-film limit, attributed to inverse proximity effect from the substrate [1], while spectacular enhancements up to more than four times the bulk value were found in TaS 2 flakes [2], due to the suppression of a competing charge-density wave phase. Doped strontium titanate SrTiO 3 (STO) offer a unique opportunity to study confinement effects on superconductivity in the absence of substrate interactions or competing phases. In fact, STO can be grown in the form of thin film and shows a superconducting ground state down to very low carrier density [3] [4] [5] [6] , the latter being finely controlled by chemical doping. Besides, its low carrier density favors confinement-induced T c enhancements due to shape resonances [7] . This interplays with the multiband and possibly unconventional nature of superconductivity in STO [6, 8] , which is intimately connected to peculiar Fermi-surface properties [5, 6] .
Stoichiometric STO is a band insulator with perovskite crystal structure and cubic symmetry at room temperature, which undergoes a tetragonal distortion below 105 K. The material becomes metallic at carrier densities as low as 5.5 × 10 17 cm −3 upon chemical doping [5, 9] . The doped carriers populate up to three conduction bands of mainly Ti 3d character [6, 8] . The nature of the metallic state has raised questions, as it displays Fermi-liquid phenomenology down to the lowest doping [5, 8] despite the ineffectiveness of conventional momentumrelaxation mechanisms [9, 10] . Strong electron-phonon coupling manifests itself in polaronic effects [8, [11] [12] [13] [14] [15] . STO is also a quantum paraelectric in which the proximity to a ferroelectric instability leads to an unusual enhancement of dielectric screening at low temperature.
Upon cooling below T ≈ 300 mK, the system enters a superconducting state with a dome-shaped critical temperature as a function of carrier concentration [3, 4, 6] . The mechanism of this superconductivity, which occurs in the anti-adiabatic regime where the Fermi temperature is less than the Debye temperature [5, 6, 8, 16, 17] and exhibits an inverted isotope effect [18] , is a subject of ongoing debate. Phonon-mediated pairing has been proposed, invoking a soft mode related to the antiferrodistortive transition taking place at 105 K [19] , highfrequency longitudinal optical phonons [16, 20] , or an optical mode associated with the ferroelectric quantum critical point [21, 22] . Plasmonic mechanisms were also considered [23, 24] . Recently, T c enhancements in the density range n ≈ 10 18 -10 19 cm −3 were obtained through Ca substitution in oxygen-reduced samples, revealing the coexistence and interplay of ferroelectricity and superconductivity [25] . The roles of different bands is also debated: early tunneling measurements showed two gaps [26] , one of which recently ascribed to surface superconductivity [27] . Thermal conductivity measurements found multiple nodeless gaps [28] , while microwave spectroscopy results are compatible with single-gap electrodynamics [29] .
Evidence for confinement effects on T c in STO-based heterostructures first emerged in transport experiments on arXiv:1811.09877v1 [cond-mat.supr-con] 24 Nov 2018
LaAlO 3 /SrTiO 3 , which hosts a quasi-2D superconducting electron liquid extending on the STO side of the interface [30] [31] [32] . There, electrostatic field-effect modulation of the confinement potential reveals a critical temperature drawing a dome as a function of gate voltage with maximum T c comparable with the bulk T c [17, 33] . Remarkably, superconducting systems composed solely of STO are also affected by quantum confinement [34] . Quasi-2D heterostructures consisting of a Nb-doped SrTi 1−x Nb x O 3 (Nb:STO) slab at x = 1% grown between pristine STO layers show a T c increase by up to a factor 1.5 between the thickest and thinnest slabs.
Motivated by the work of Kim et al. [34] , we have investigated the possibility that such T c increase may be due to shape resonances. Because the T c of STO depends on carrier density, it is important to precisely monitor the carrier density of the Nb:STO slabs at the various thicknesses, before ascribing the variations of T c to quantum confinement. We have therefore grown a new set of STO/Nb:STO/STO sub heterostructures, where STO sub denotes the STO substrate, and measured both their T c and Hall carrier density as a function of the Nb:STO layer thickness.
TRANSPORT EXPERIMENTS ON Nb:STO THIN FILMS
A series of Nb:STO films with thicknesses ranging from 1 to 22 monolayers was grown on STO substrates using pulsed laser deposition. Sample fabrication and measurement details can be found in the Methods section. Four-point resistance measurements were performed in a standard dilution cryostat [see Fig. 1(a) ]. Nb:STO layers of 8 unit cells (u.c.) and less all showed insulating behavior with over 10 MΩ resistance. For 11 u.c. and more, a single superconducting transition was observed when the samples were cooled below a thicknessdependent critical temperature, as shown in Fig. 1(b) . In this paper, we define the critical temperature at the 50% drop of the resistance below the normal-state value at 600 mK. Figure 1(c) shows T c for all superconducting samples as a function of the Nb-doped layer thickness. Top and bottom error bars correspond to the temperatures at 90% and 10% of the resistive transition, respectively. The 10%-90% transition widths are in the range 50-100 mK for all samples. We observe a T c maximum at L = 5.5 nm, consistently with the previous report [34] . Three-dimensional (3D) carrier densities for different samples were then measured to identify whether the observed dependence of T c on thickness is solely due to quantum confinement. Figure 1(d) shows the carrier density measured at 600 mK via the Hall effect as n = 1/(eR H L) for selected Nb:STO films, where R H is the measured Hall coefficient and e is the electron charge (see Methods section). Remarkably, n is nearly constant throughout the spanned thickness range with an average of 0.97 × 10 20 cm −3 , slightly lower than the nominal 1% doping corresponding to 1.7 × 10 20 cm −3 [35, 36] . The standard deviation of the measured densities is about 10% of the average value. In view of the near constancy of n, we propose that the observed T c variations are controlled by the thickness, in agreement with the quantum confinement scenario. To substantiate this claim, we now model the thickness-, confinement potential-, and density-dependent critical temperature T c (L, U, n) of the superconducting films.
MEAN-FIELD MODEL FOR T c IN QUASI-2D GEOMETRY
Using a generalization of the BCS theory, we interpret the variations of T c in our films as a consequence of quantum confinement. The first step is to construct a model that reproduces the density dependence of T c in bulk STO. We want a model focussing on superconductivity and we let aside all other aspects in the rich physics of doped STO [37] [38] [39] [40] . Given the uncertainties surrounding the superconductivity of STO, we adopt a minimal two-band model with a local density-dependent pairing interaction of unspecified origin. This model has already served for a comparison of the superconducting domes in bulk STO and at the LaAlO 3 /SrTiO 3 interface [17] . Two parabolic bands mimic the low-energy sector of the STO conduction band [8] : the lowest (light) band has un-renormalized mass 0.5m while the second (heavy) band has mass 2m and lies 2.4 meV above the former, m being the free-electron mass. The masses are further renormalized by a factor two due to electron-phonon coupling [10] . The pairing is generated with a BCS-like densitydependent interaction V(n) cut off at ω D = 44 meV [41] and without inter-band interaction. We solve the gap equation self- The second step is to confine the model in a quasi-2D quantum well of width L and depth U [ Fig. 2(a) ]. The confinement affects the model in three ways. The two 3D bands become series of 2D subbands and, accordingly, the continuous 3D DOS becomes staircase-like. Second, the pairing V(n) becomes a function of L and U, and it is different in each subband. Third, all subbands of a given series are coupled owing to the 3D nature of the underlying pairing. These changes modulate T c with oscillations often termed shape resonances [7, 42- 
for a band of mass m b [7] . At weak coupling, however, the signatures of the cutoff disappear and the periodicity becomes again π/k F , even in the anti-adiabatic limit [46] . Our model for STO resides in the weak-coupling anti-adiabatic regime and displays oscillations at π/k F . The value of T c is dominated by the heavy band due to its larger DOS [17] . It is seen that T c decreases with decreasing thickness for U = 25 meV while it increases for 50 and 100 meV. According to Ref. 7, the transition between these two behaviors takes place at a critical confinement potential U * ≈ 2.85 √ ω D Vn, which gives 37 meV in our case. U is the sole model parameter that is unknown. The increasing T c with reducing film thickness in Fig. 1(c) suggests that U should be larger than U * . Further insight may be gained by noticing that the confinement is a result of Nb doping. The substitution of Nb for Ti produces an attractive potential for the electrons, such that the spatial average of this electrostatic potential should correspond to U [see Fig. 2(a) ]. In the simplest model of a Thomas-Fermi screened Coulomb potential, the spatial average is (x/a 3 )e 2 /( 0 k 2 TF ) = x/[N(0)a 3 ], where x is the Nb concentration, a the lattice parameter, k −1 TF the screening length, and N(0) the Fermi-level DOS (without electron-phonon renormalization). Using the zero-temperature value of N(0) in our model, we obtain U = 41 meV. The best fit discussed below gives a value U = 38.4 meV fully consistent with this estimate. Note that U < ω D , such that a range of extended states outside the well gives a contribution to the pairing [7] .
The simulations in Fig. 2(b) overestimate the value of T c as well as the amplitude of its oscillations compared with the data in Fig. 1(c) . The model is designed to approach the T c of bulk single crystals at large L, while the thickest films in Ref. 34 and in the present study consistently show a value lower than the bulk value. In addition to 2D fluctuations and a possible inverse proximity effect from the undoped STO layers, several factors may have an effect on T c and its oscillations in thin films. A possible phase separation at low density [47] or the disorder present in Nb:STO films [35, 48, 49] , which may affect T c when conjugated with a repulsive interband coupling [50, 51] , are ignored in the model. The scattering time τ ∼ 1-2 ps extracted from our Hall data (see Methods section) is similar to the typical values measured in the bulk [5, 8, 29] , suggesting that disorder effects are not substantially enhanced on going from 3D to quasi-2D. In the following, we ascribe the reduced amplitude of oscillations to inhomogeneities of the carrier density within the films. Such inhomogeneities stem from a charge profile across the film and could also result from nonuniform doping. We account for inhomogeneities by averaging our calculated T c over a normal distribution of densities. As our only hint at inhomogeneities is the distribution of densities visible in Fig. 1(d) , we use the standard deviation of those values as the width of our distribution. In the parameter range of interest, T c varies relatively slowly with density [see Fig. 3(a) ]. The variations become faster as L increases, such that inhomogeneities are expected to smoothen the oscillations more efficiently for thicker films. Figure 3(b) gives a perspective view of T c multiplied by the normal distribution of densities. Our final model for the thickness-dependent critical temperature is obtained by averaging this along the density axis:
We determine the unknown parameter U by fitting Eq.
(1) to the T c data from Fig. 1(c) and from Ref. 34 , which yields U = 38.4 meV. The results for T c , normalized to its value at L = 20 nm, are displayed in Fig. 4(a) . T c increases as L decreases with oscillations of reduced amplitude with respect to Fig. 2(b) , in semi-quantitative agreement with experiments. Despite of the given 10%-90% transition widths, Fig. 4 (a) strongly suggests that oscillations due to quasi-2D quantum confinement govern the observed T c variations in Nb:STO thin films.
DISCUSSION
A clearcut demonstration of quantum size effects on the critical temperature of thin films is an uneasy task. Several thickness-dependent mechanisms can affect T c , which are not directly related to quantum confinement. 2D fluctuations [52] [53] [54] will quench T c in films thinner than the (usually thickness-dependent) coherence length, while disorder and localization also promote an insulating ground state [47, 51, 55, 56] . Our insulating films of 8 u.c. or less presumably realize this type of phenomenology. Besides, inverse proximity effect from a non-superconducting substrate can suppress T c smoothly as the thickness decreases [57] . If this effect can be subtracted out, quantum oscillations may appear [1] . As these various phenomena all decrease T c in the thin film limit, an enhancement of T c in thinner films seen in Fig. 1(c) indicates that they are at least not dominant. The superconducting thickness as measured by the angular dependence of the critical field being equal to the film thickness [34] is a confirmation that proximity effects are not important in this system. The optimal conditions for observing shape resonances are low-density, weak coupling, and a deep potential well [7] . While previous studies have focused on high-density systems [1, 2, 58-61], Nb:STO is in the low-density regime E F < ω D and moreover has a low coupling in the range 0.1-0.3. The possibility of using the same material, undoped, as a substrate gives an excellent opportunity to achieve atomically flat and controlled epitaxial interfaces. Furthermore, the sandwich structure with a cap layer realizes a symmetric potential well for the films. This is not required for quantum size effects, but makes their interpretation easier, because the subbands are quadratically spaced in energy, and their modeling straightforward by means of a rectangular well. These advantages come at a price: the confinement potential is not very deep.
As the confinement is self-consistently set by the Nb doping, the only way to make it deeper without changing the substrate and capping materials is to increase the doping concentration. Assuming that n scales with x, the potential is expected to scale like U ∼ n 2/3 due to increasing screening with increasing n. This is to be compared with the critical potential U * ∼ √ Vn below which the confinement reduces T c . Considering that V varies with n [17], we find Vn ∼ n α with α ≈ 0.73. Our analysis has shown that U > U * for x = 1%; it follows that U/U * ∼ n 0.3 can be expected to raise upon doping further beyond 1%. While this is favorable for quantum oscillations, the density increase itself is unfavorable and a tradeoff takes place. Our simulations show that the confinement wins and the T c oscillations are slightly enhanced [see Fig. 4(b) ] upon scaling the parameters n and σ n by a factor 5 and U by a factor 5 2/3 , as appropriate for a doping x = 5%.
Another approach to enhance the amplitude of shape resonances is to change substrate: LaAlO 3 may be a candidate of choice. According to electronic-structure calculations [62] , most of the bandgap difference at the (100) interface between LaAlO 3 and SrTiO 3 is accommodated by a large conductionband offset of 2.25 eV. In a sandwich geometry, the polar discontinuity can be neglected through a proper choice of the terminations and the LaAlO 3 /SrTi 1−x Nb x O 3 /LaAlO 3 heterostructure should offer a superconducting layer confined in a deep well of order 2 eV. Setting U to 2.25 eV, we obtain the dashed line in Fig. 4(b) with stronger quantum oscillations. If it turns out to be feasible, this system would allow one to explore lower values of x, for which the relative T c boost is theoretically even larger [see Fig. 3(a) ].
CONCLUSION
We have grown epitaxial thin films of superconducting Nbdoped STO embedded in pristine insulating STO and measured their resistance and Hall carrier density with the prospect of seeing shape resonances, i.e, quantum oscillations and increase of T c with reducing film thickness. Except for the thinnest films that are insulating, our measurements confirm the expectations based on a model of confined BCS superconductor, where the confinement stems from the screened potential of Nb dopants. Semi-quantitative agreement between theory and experiment is achieved by averaging the calculated T c over a distribution of carrier densities whose width equals the measured fluctuations of the Hall density among different samples. This highlights the possible presence of density inhomogeneity in the films. Our results provide the first analysis of T c modulation by quantum confinement in epitaxial superconducting thin films at very low carrier density. Based on the model, we propose to enhance the quantum size effects further by either increasing Nb doping, which makes the confinement deeper, or by changing substrate and capping layers in view of a harder confinement, and then reducing the Nb doping to reach even lower densities where the shape resonances are amplified.
METHODS

Sample preparation
SrTi 1−x Nb x O 3 (Nb:STO) films at 1 atomic % Nb with various thicknesses were grown on 5 × 5 mm 2 TiO 2 -terminated (001)-oriented SrTiO 3 (STO) substrates (Crystec GmbH) by pulsed laser deposition at 1100 • C in an oxygen pressure of 10 −6 Torr. A 40 u.c. undoped STO capping layer was then grown on top of the Nb:STO layer at 800 • C in an oxygen pressure of 8 × 10 −5 Torr, to form a symmetric confinement potential for the doped layer. During the deposition, the laser fluence was set to approximately 0.6 J cm −2 and the repetition rate was kept at 1 Hz. The deposition was fully monitored by RHEED and specular spot intensity oscillations. The growth rate was approximately 50 laser pulses per Nb:STO monolayer. After growth, all the samples were annealed at 550 • C in 200 mbar of O 2 for one hour, before the final cooling to room temperature in the same atmosphere.
Transport measurement
Electric transport was measured using a standard four-probe method with a van der Pauw configuration. Aluminum wires were directly ultra-sonically bonded to the sample to form ohmic contacts. Superconductivity measurements were performed in a 3 He/ 4 He dilution refrigerator. Magnetic fields up to 7 T were applied perpendicular to the samples to measure the Hall resistance. Table I reports the measured sheet resistance R s at 600 mK (except for 19 u.c., where the temperature was 496 mK), as well as the measured Hall density and the resulting elastic scattering time τ = m/(n H e 2 R s ) for a mass of one electron mass.
